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Abstract
In this paper, we give a characterization of countable compacta which admit expansive
homeomorphisms. The main result is the following:
Theorem. Let X be a countable compactum and d(X) = α, where d(X) is the derived degree
of X. Then X admits an expansive homeomorphism if and only if α is not a limit ordinal number.
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1. Introduction
All spaces considered in this paper are assumed to be separable metric spaces.
A compactum is a compact and metrizable space. A countable compactum X means that
X has a countable cardinality, i.e., |X|6∞.
In 1955, Utz [9] introduced the notion of “unstable homeomorphism” (= expansive
homeomorphism) and studied its dynamical properties. Since then, it has been extensively
studied in the area of topological dynamics, ergodic theory and continuum theory.
A homeomorphism f of a compactum X onto X is said to be expansive [9] provided
there exists c > 0 such that if x, y ∈X with x 6= y , then there exists an integer n ∈ Z such
that d(f n(x), f n(y)) > c, where d is a metric of X. Such a positive number c > 0 is called
an expansive constant for f .
Let f :X→ X be a homeomorphism of a compactum X. Given δ > 0, a sequence
{xi | i ∈ Z} of points in X is a δ-pseudo-orbit of f if d(f (xi), xi+1) < δ for every i ∈ Z.
Given ε > 0, a sequence {xi | i ∈ Z} of points in X is ε-traced by a point y ∈ X if
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d(f i(y), xi) < ε for every i ∈ Z. We say that f has the pseudo-orbit tracing property
(abbrev. P.O.T.P.) if for every ε > 0 there is δ > 0 such that every δ-pseudo-orbit of f can
be ε-traced by some point of X.
For a compactum (X,d), we denote by H(X) the space of all homeomorphisms of X
with the metric
d˜(f, g)=max{d(f (x), g(x)) | x ∈X} for f,g ∈H(X).
Let
E(X)= {f ∈H(X) | f is expansive} and
P(X)= {f ∈H(X) | f has P.O.T.P.}.
The orbit of x ∈X is Of (x)= {f i(x) | i ∈ Z}.
We say that a point x ∈ X is a nonwandering point of a map f :X→ X if for each
neighborhood U of x in X, there exists a natural number n ∈ N = {1,2, . . .} such that
f n(U) ∩U 6= ∅. The set of nonwandering points of f is denoted by Ω(f ). To introduce
the notion of Birkhoff center, we put f1 = f |Ω(f ) :Ω1(f )=Ω(f )→Ω(f ) andΩ2(f )=
Ω(f1) = Ω(f |Ω(f )). We continue this process. Then X = Ω0(f ) ⊃Ω1(f ) ⊃ Ω2(f ) ⊃
· · · , Ωα+1(f ) = Ω(fα) = Ω(f |Ωα(f )) and Ωλ(f ) =⋂α<λΩα(f ), where λ is a limit
ordinal number. We say that Ωα(f ) is the Birkhoff center of f if Ωα(f )=Ωα+1(f ), and
put
depth(f )=min{α |Ωα(f )=Ωα+1(f )}.
Note that depth(f ) < w1, where w1 is the first uncountable ordinal number.
The notation of the derived set ofX of order α can be found in the Kuratowski’s book [6,
p. 261]. A point p of X is an accumulation point of the set X, if p ∈X− {p}. The set Xd
of accumulation points of X is called the derived set of X. The derived set of X of order α
is defined by the conditions; X(1) = Xd , X(α+1) = (X(α))d and X(λ) =⋂α<λ X(α) if λ is
a limit ordinal number. If X(α) 6= ∅ and X(α+1) = ∅, then we put d(X)= α. And d(X) is
called the derived degree of X. It is well known that a compactum X is a countable set if
and only if d(X) exists and it is a countable ordinal number. In this case, if d(X)= α, then
X(α) is a finite set.
The notation of Hausdorff metric Hd can be found in Nadler’s book [7, p. 53]. Let X be
a compactum with metric d . Consider
2X = {A |A is a nonempty closed subset of X}.
For each ε > 0 and each A ∈ 2X , put




ε > 0 |A⊂U(B; ε), B ⊂U(A; ε)}.
Then 2X is a compactum with metric Hd , which is called the Hausdorff metric of X.
In [1], Aoki proved that every group automorphism of the Cantor set C has P.O.T.P.
Sears [8] proved that E(C) is dense in H(C), constructing a dense subset A of E(C)
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in H(C). Dateyama [3] proved that P(C) is dense in H(C), constructing a dense
subset B of P(C) in H(C). And Kimura [5] proved that the set of all expansive
homeomorphisms with P.O.T.P. of the Cantor set C is dense in H(C) and he studied
the existence of expansive homeomorphisms of a special countable compactum. Also, he
gave an example of an uncountable 0-dimensional compactum which admits no expansive
homeomorphism.
Here, a question arises naturally as to what kinds of countable compacta admit expansive
homeomorphisms. For the question we shall give a complete answer.
2. The existence of expansive homeomorphisms
The aim of this section is to prove our main theorem. To prove it, we need the the
following proposition. The proposition may be known. For completeness, we give the
proof. In this section, we assume that all ordinal numbers mean countable ordinal numbers.
The Euclidean 2-space (= the plane) is denoted by E2.
Proposition 2.1. Let X and Y be countable compacta. If d(X) = d(Y ) = α and X(α) is
homeomorphic to Y (α), then X is homeomorphic to Y .
Proof. First, by induction for any (countable) ordinal number α we will construct a
countable compactum Xα in the plane E2 such that d(Xα) = α and X(α)α = {a} is a one-
point set. The construction may be well known, but for completeness we give it. Consider
a sequence {xi | xi ∈ E2, i ∈ N}, where xi 6= xj (i 6= j ), xi 6= a and limi→∞ xi = {a}
(a ∈ E2). Let X1 = {xi | i ∈N} ∪ {a}, where xi 6= a. Assume that for each ordinal number
β < α, Xβ has been constructed. We consider two cases:
(1) α = β + 1,
(2) α is a limit ordinal number.
(1) Consider a sequence {Xiβ | i ∈N} of compacta of E2 such that Xiβ is homeomorphic
to Xβ , Xiβ ∩Xjβ = ∅ (i 6= j ) and limi→∞Hd(Xiβ, {a})= 0, where a ∈ E2 and a /∈Xiβ . Let
Xα =⋃∞i=1Xiβ ∪ {a}.
(2) Assume α is a limit ordinal number. Choose a sequence {αi | i ∈ N} of ordinal
numbers such that α1 < α2 < · · · < α and limi→∞ αi = α. By induction we can choose
a sequence {Xiα | i ∈ N} of compacta of E2, where d(Xiα)= αi , Xiα ∩Xjα = ∅ (i 6= j ) and
limi→∞Hd(Xiα, {a})= 0, a /∈Xiα . Let
Xα =
⋃
{Xiα | i ∈N} ∪ {a}.
It is easily checked that Xα satisfies our desired conditions.
Second, by induction we will show that any countable compactum X with d(X) = α
and X(α) = {a} is homeomorphic to Xα . It is clear that any countable compactum X with
d(X) = 1 and X(1) = {a} is homeomorphic to X1. For any ordinal number β < α, we
assume that any countable compactumX with d(X)= β andX(β) = {a} is homeomorphic
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to Xβ . Let X be a countable compactum with d(X) = α and X(α) = {a}. Consider two
cases:
(i) α is not a limit ordinal number;
(ii) α is a limit ordinal number.
(i) Note that X(α−1) is homeomorphic to X1. Put X(α−1) = {a, x1, x2, . . .}. Then we can
choose a sequence {Yi | i ∈ N} of closed sets of X such that Y (α−1)i = {xi}, Yi ∩ Yj = ∅
(i 6= j ), and X =⋃∞i=1 Yi ∪ {a}, limi→∞Hd(Yi, {a})= 0. By induction, we see that Yi is
homeomorphic to Xα−1. Then we can easily construct a homeomorphism ϕ :Xα→X.
(ii) Note that for any open neighborhood U of a in X, d(X−U) < α and also note that
for any ordinal number β < α there is a closed and open set A of X such that d(A)= β
and A(β) is a one point set. Suppose that α1 < α2 < · · · is the sequence of ordinal numbers
with limi→∞ αi = α, where the sequence was chosen in the case of the construction ofXα .
By induction, we can choose a subsequence αn1 < αn2 < · · · of the sequence {αi | i ∈ N}
and a sequence {Yi | i ∈N} of closed sets of X such that
∞⋃
i=1
Yi ∪ {a} =X, Yi ∩ Yj = ∅ (i 6= j),
limi→∞Hd(Yi, {a})= {0}, d(Yi)= αni and Y
(αni )
i is a one-point set. By induction, we see




α (see the above construction of Xα). By using
this fact, we can easily construct a homeomorphism ϕ :Xα→X.
Finally, we will show that ifX and Y are countable compacta such that d(X)= d(Y )= α
andX(α) = {a1, . . . , an} is homeomorphic to Y (α) = {b1, . . . , bn}, thenX is homeomorphic
to Y . Choose closed sets Zi ofX and closed sets Z′i of Y (i = 1, . . . , n) such that Zi∩Zj =
∅ = Z′i ∩ Z′j (i 6= j ), X =
⋃{Zi | i = 1, . . . , n}, Y =⋃{Z′i | i = 1, . . . , n}, ai ∈ Zi and
bi ∈ Z′i . Note that d(Zi)= d(Z′i )= α and Z(α)i , Z′(α)i are one-point sets, respectively. By
the above argument, we see that Zi is homeomorphic to Z′i for each i , and hence X and Y
are homeomorphic. This completes the proof. 2
Before starting Theorem 2.2, we prepare some definitions and notations as follows. We
will often use the definitions and notations in the proof of Theorem 2.2.
Definitions and notations. Let si and s∞ (i ∈ Z) be points in E2 such that si 6= sj (i 6= j ),
si 6= s∞ and limi→∞ si = limi→−∞ si = s∞. Put S = {si | i ∈ Z} ∪ {s∞}. Define ψ :S→ S
by ψ(si )= si+1 and ψ(s∞)= s∞ (Fig. 1).
Let r be any natural number. Let U(si) be a closed neighborhood of si in E2 (−r 6 i 6
r) and U(s∞) a closed neighborhood of s∞ in E2 such that U(si)∩U(sj )= ∅ (i 6= j ) and
S ⊂ [⋃−r6i6r U(si)∪U(s∞)]. Put V (= Vr)=⋃−r6i6r U(si)∪U(s∞) and we say that
V is a neighborhood system of S. Suppose that {ci | i ∈ Z} is a sequence of points of V
such that limi→∞ ci = s∞ = limi→−∞ ci . Then the sequence {ci | i ∈ Z} winds m-times
around S (m ∈N) with respect to V if there exist integers n1, . . . , nm ∈ Z such that
(1) nj + 2r < nj+1 (j = 1, . . . ,m− 1),
(2) for 06 k 6 2r , cni+k ∈U(s−r+k), and
(3) for other cn, cn ∈U(s∞) (see Fig. 2).
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Fig. 1.
For simplicity, we often omit the neighborhood system V and we say that {ci | i ∈ Z}
winds m-times around S. In this case, we write wS({ci | i ∈ Z}) (=wS({ci | i ∈ Z};V ))=
m. If there does not exist such a natural number m, we define wS({ci | i ∈ Z}) = 0.
But, from now on, we do not consider this situation except for the only case ci = s∞
(i ∈ Z).
Also, in the proof of Theorem 2.2, we will change the above natural number r and adapt
more proper neighborhood systems V (= Vr ) of S according to our need.
Let V be a neighborhood system of S in E2 and let X be a countable compactum with
S ⊂ X ⊂ V . Let ϕ :X→ X be a homeomorphism which is an extension of ψ :S→ S.
If the orbit Oϕ(x) = {ϕi(x) | i ∈ Z} of x winds m-times around S (with respect to
V ), then we also say that m is the winding number of x and we also write wS(x;ϕ)
(= wS(x;ϕ,V )) = m. Note that if si (i 6= ∞) ∈ S, wS(si;ϕ) = 1 and wS(s∞;ϕ) = 0.
For a subset Y of X, put wS(Y ;ϕ) (= wS(Y ;ϕ,V )) = {wS(x;ϕ) | x ∈ Y }. We say that
wS(Y ;ϕ) is the winding set of Y around S.
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Fig. 2.
Theorem 2.2. Let X be a countable compactum with d(X) = α. Then X admits an
expansive homeomorphism if and only if α is not a limit ordinal number.
Proof. We will show that if X admits an expansive homeomorphism ϕ :X→ X, then
d(X) = α is not a limit ordinal number. Suppose, on the contrary, that α is a limit
ordinal number. Put X(α) = {a1, . . . , an}. Let c > 0 be an expansive constant for ϕ. Since⋂
β<α X
(β) =X(α), there is an ordinal number β < α such thatX(β) ⊂U({a1, . . . , an}; c3 ).
Note that ϕ(X(β)) = X(β). Since ϕ is continuous, there is a sufficiently large ordinal











for all j = 1, . . . , n.
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By induction we see that ϕi(X(β0) ∩ U({aj }; c3 )) ⊂ X(β0) ∩ U({ϕi(aj )}; c3 ) for all j =
1, . . . , n and i ∈ Z. Choose x, y ∈ (X(β0)∩U({aj }; c3 ))with x 6= y . Then d(ϕi(x),ϕi(y)) <
c for any i ∈ Z. This is a contradiction.
Next, we will prove the inverse. First, by induction if α is not a limit ordinal number,
we will construct a countable compactum Xα in E2 and an expansive homeomorphism
ϕα on Xα such that d(X) = α and X(α)α = {s∞}. Let X1 = S, which was defined by the
above. And define ϕ1 :X1→X1 by ϕ1 =ψ . We will construct countable compactaXα and
expansive homeomorphisms ϕα (2 6 α < w1) as follows. Now, for any nonlimit ordinal
number α with 26 α <w1, consider the following property P(α).
P(α) LetM be any infinite set of prime numbers and let V (= Vr ) be any neighborhood
system of S in E2. Then there is a (plane) countable compactum Xα ⊃ S and a
homeomorphism ϕα :Xα→Xα such that
(i) V ⊃Xα , d(Xα)= α, X(α)α = {s∞},
(ii) ϕα|S =ψ :S→ S (see the above definition),
(iii) if x ∈Xα − S, then wS(x;ϕα,V ) 6= 0 and moreover wS(Xα − S;ϕα,V )⊂
M∗, where M∗ = {q1 · · ·qn | qi ∈M , i = 1,2, . . . , n, n ∈N},
(iv) for any x , y in Xα , the winding number wS(x;ϕα,V ) of x is different from
the winding number of y if the orbit Oϕα(x) is different from the orbit of y .
We will prove that P(2) is true. Put M = {p1,p2, . . .}. Choose a sequence V =
V0,V1, . . . , of neighborhood systems of S in E2 such that V = V0 ⊃ V1 ⊃ V2 ⊃ · · ·,⋂∞
i=1 Vi = S. For each i ∈N, we can carefully choose a sequence {xi,j | j ∈ Z} of different
points in Vi such that limj→∞ xi,j = s∞ = limj→−∞ xi,j and wS({xi,j | j ∈ Z};Vi)= pi .
Put Xi1 = {s∞, xi,j | j ∈ Z}. Then Xi1 is homeomorphic to X1 = S (Xi1 ∼= X1) and
limi→∞Hd(Xi1, S)= 0. Also, we may assume that Xi1 ∩ S = {s∞}, Xi1 ∩Xj1 = {s∞} (i 6=
j ). Put X2 =⋃{Xi1 | i ∈ N} ∪ S and define ϕ2 :X2→X2 by ϕ2|S = ψ , ϕ2(xi,j )= xi,j+1
if xi,j ∈Xi1. Then we see that ϕ2 is continuous. It follows that d(X2)= 2, X(2)2 = {s∞} and
ϕ2 satisfies the conditions of P(2).
Suppose that α = β + 1, where β is not a limit ordinal number. We assume that P(β)
is true. We shall prove that P(α) is true. Suppose that M and V are given as in P(α).
Put M = M0 ∪M1 ∪M2 ∪ · · · , where Mi ∩Mj = ∅ (i 6= j ), |Mi | = ∞, and also put
M0 = {p1,p2, . . . , }. Choose a sequence V = V0,V1,V2, . . . , of neighborhood systems of
S in E2 such that Vi ⊃ Vi+1 and ⋂∞i=1 Vi = S.




(i) d(Xiβ)= β , (Xiβ)(β) = {s∞},
(ii) ϕiβ |S =ψ :S→ S,
(iii) wS(Xiβ − S;ϕiβ,Wi)⊂M∗i , where Wi is a sufficiently small neighborhood system
of S and later it may be chosen according to the number pi and the neighborhood
system Vi of S,
(iv) for any x, y in Xiβ , the winding number wS(x;ϕiβ,Wi) of x is different from the
winding number of y if the orbit Oϕiβ (x) is different from the orbit of y .
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For each i = 1,2, . . . , we choose an embedding ei :Xiβ → Vi ⊂ E2 such that ei(s∞)=
s∞, and wS({ei(sj ) | j ∈ Z};Vi) = pi , where we think that {sj | j ∈ Z} is a sequence
of S and also {ei(sj ) | j ∈ Z} is a sequence of Vi . Put Y iβ = ei(Xiβ). We may assume
that Y iβ ∩ Y jβ = {s∞} = Y iβ ∩ S (i 6= j ). Put Xα =
⋃∞
i=1 Y iβ ∪ S. Also, define a map
ϕα :Xα→ Xα by ϕα|S = ψ , ϕα|Y iβ = ei ◦ ϕiβ ◦ (ei)−1. If we choose a sufficiently small
neighborhood systemWi of S, we may assume that wS(ei(Xiβ)−S;ϕα,Vi)⊂ pi ·M∗i and
ϕα is continuous. Note that wS(Y iβ;ϕα,V ) ⊂ pi ·M∗i . Then we can easily check that Xα
and ϕα satisfy the conditions of P(α).
Next, suppose that α = α1 + 1, where α1 is a limit ordinal number. We assume that
if β is not a limit ordinal number and β < α, then P(β) is true. We shall prove that
P(α) is true. The proof is similar to the above case. For completeness, we give the
proof. Put M = M0 ∪M1 ∪ · · · , where Mi ∩Mj = ∅ (i 6= j ) and |Mi | = ∞. Choose
a sequence β1, β2, . . . , of ordinal numbers such that βi is not a limit ordinal number,
βi < βj (i < j ) and limi→∞ βi = α1. Also, choose a sequence V = V0,V1,V2, . . . , of
neighborhood systems of S in E2 such that Vi ⊃ Vi+1, ⋂∞i=1 Vi = S.
By induction, for each i = 1,2, . . . , there is a countable compactum Xβi ⊃ S and a
homeomorphism ϕβi :Xβi →Xβi such that
(i) d(Xβi )= βi , (Xβi )(βi) = {s∞},
(ii) ϕβi |S =ψ :S→ S (see the above definition),
(iii) wS(Xβi −S;ϕβi ,Wi)⊂M∗i , whereWi is a sufficiently small neighborhood system
of S (see the above case),
(iv) for any x, y in Xβi , the winding number wS(x;ϕβi ,Wi) of x is different from the
winding number of y if the orbit Oϕβi (x) is different from the orbit of y .
For each i = 1,2, . . . , we also choose an embedding ei :Xiβi → Vi ⊂ E2 such that ei(s∞)=
s∞ and wS({ei(sj ) | j ∈ Z};Vi)= pi , where {sj | j ∈ Z} is the above sequence of S and
M0 = {p1,p2, . . .}.
Put Y iβ = ei(Xiβi ). We may assume that Y iβ ∩ Y
j




Y iβ ∪ S.
Also, define a map ϕα :Xα → Xα by ϕα|S = ψ , ϕα|Y iβ = ei ◦ ϕiβi ◦ (ei)−1. Then ϕα is
continuous and hence a homeomorphism. Note that wS(Y iβ ;ϕα,V ) ⊂ pi · M∗i . We can
easily check that Xα and ϕα satisfy the conditions of P(α).
Hence we proved that P(α) is true if α is not a limit ordinal number.
By the condition (iv), we see that ϕα :Xα→Xα is an expansive homeomorphism.
Finally, we will complete our proof. Suppose that X is a countable compactum with
d(X)= α, where α is not a limit ordinal number. ThenX(α) = {a1, . . . , an}. Choose closed
subsets Zi (i = 1, . . . , n) of X such that Z(α)i = {ai}, Zi ∼=Xα (see Proposition 2.1), Zi ∩
Zj = ∅ (i 6= j ) and X =⋃{Zi | i = 1, . . . , n}. Then there is an expansive homeomorphism
on each Zi , and hence we can obtain an expansive homeomorphism ϕ :X→ X. This
completes the proof. 2
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Let w be the first infinite ordinal number.
Theorem 2.3. Suppose that X is a countable compactum with d(X)= α, where α is not a
limit ordinal number and α >w. Then E(X) 6=H(X).
Proof. We can choose a point x in X such that x ∈ X(w) and x /∈ X(w+1). Then there
exists a closed and open neighborhoodU of x such that d(U)=w. Choose ε > 0 such that
d(U,X−U) > ε, since U and X −U are closed. Consider the identity map idX ∈H(X)
and consider the neighborhood U(idX; ε) of idX in H(X). Then for any homeomorphism
ϕ ∈ U(idX; ε), we see that ϕ(U) = U . Since d(U) = w is a limit ordinal number, by
Theorem 2.2 ϕ|U :U → U is not an expansive homeomorphism, and hence ϕ is not an
expansive homeomorphism. 2
Theorem 2.4. Let X be a countable compactum. If d(X) = α and |X(α)| = 1, then
E(X) ∩P(X)= ∅.
Proof. Suppose, on the contrary, that there is ϕ ∈ E(X) ∩ P(X). By Theorem 2.2, α is
not a limit ordinal number. Then by Proposition 2.1, X(α−1) is homeomorphic to S. Since
ϕ is a homeomorphism, ϕ(X(α−1)) = X(α−1). Also, since ϕ|X(α−1) is expansive, we can
obtain a sequence xi (i ∈ Z) of points of X(α−1) such that ϕ(xi) = xi+1, limi→∞ xi =
limi→−∞ xi = x∞, where {x∞} = X(α) (see [5, (c) of the proof of Theorem 2]). Put
ε = (1/3) · d(x0, x∞) > 0. Since ϕ has P.O.T.P., there is δ > 0 such that every δ-pseudo-
orbit is ε-traced by some point ofX. Choose a sufficiently large natural number n ∈N such
that x−n, xn ∈ U(x∞; δ).
Consider two finite sequences of points of X as follows:
I0 = x−n, x−n+1, . . . , xn, I1 = x∞, x∞, . . . , x∞︸ ︷︷ ︸
(2n+1)-times
.
Consider the following set
K= {. . . , J−1, J0, J1, J2, . . . | Ji = I0 or I1, i ∈ Z}
of δ-pseudo-orbits of ϕ. Then |K| = 2ω. By assumption, for A ∈ K there exists xA ∈ X
such that A is ε-traced by xA. But if A,A′ ∈ K and A 6= A′, then xA 6= xA′ . Hence
|{xA |A ∈K}| = |K|. Therefore X is not countable. This is a contradiction. 2
Remark 2.5. There is a countable compactum Y such that d(Y ) = 1, Y (1) = {a, b}, and
E(Y ) ∩ P(Y ) 6= ∅: Let ai (i ∈ Z) be different points of E2 such that ai 6= aj (i 6= j ),
limi→∞ ai = a 6= limi→−∞ ai = b. Put Y = {a, b, ai | i ∈ Z} and define a map ϕ :Y → Y
by ϕ(a)= a, ϕ(b)= b, ϕ(ai)= ai+1. Then ϕ ∈ E(Y ) ∩P(Y ).
By the proof of Theorem 2.2, we see the following.
Theorem 2.6. If α < w1 is not a limit ordinal number, then there exists a countable
compactum Xα such that
(1) d(Xα)= α,
216 H. Kato, J.-J. Park / Topology and its Applications 95 (1999) 207–216
(2) Xα admits an expansive homeomorphism ϕα , and
(3) the depth depth(ϕα) of ϕα is α.
Corollary 2.7. For any ordinal number α < w1, there is a countable compactum Xα and
a homeomorphism ϕα :Xα→Xα such that
d(Xα)= depth(ϕα)= α.
Proof. By Theorem 2.6, the corollary is true in case that α is not a limit ordinal
number. Suppose that α is a limit ordinal number. Take a sequence α1 < α2 < · · · , of
nonlimit ordinal numbers such that limi→∞ αi = α. By Theorem 2.6, there is a countable
compactum Xαi and a homeomorphism ϕαi :Xαi → Xαi as in Theorem 2.6. We may
assume that Xαi ⊂ E2, Xαi ∩ Xαj = ∅ (i 6= j ), limi→∞Hd(Xαi , {a})= 0, where a ∈ E2
and a /∈ Xαi . Put Xα =
⋃∞
i=1Xαi ∪ {a} and define ϕα :Xα → Xα by ϕα|Xαi = ϕαi ,
ϕα(a)= a. Then Xα and ϕα are desired ones. 2
Remark 2.8. Let Ck = ∏i∈Z Yk,i , where Yk,i = {1,2, . . . , k}. Let σk :Ck → Ck be the
shift map. Note that Ck is a Cantor set and σk is expansive. It is well known that if
a 0-dimensional compactum X admits an expansive homeomorphism, then X can be
represented as an invariant set of some σk , i.e., every expansive homeomorphism f :X→
X of a 0-dimensional compactum X is topologically conjugate to some σk|D :D→ D,
where D is an invariant set of σk . By the property P(α) in the proof of Theorem 2.2,
we can see that if X is a countable compactum such that d(X) = α is not a limit ordinal
number and |X(α)| = 1, then X can be represented as an invariant set of σ2.
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